The optical excess in the spectra of dim isolated neutron stars (XDINs) is a significant fraction of their rotational energy loss-rate. This is strikingly different from the situation in isolated radio pulsars. We investigate this problem in the framework of the fallback disc model. The optical spectra can be powered by magnetic stresses on the innermost disc matter, as the energy dissipated is emitted as blackbody radiation mainly from the inner rim of the disc. In the fallback disc model, XDINs are the sources evolving in the propeller phase with similar torque mechanisms. In this this model, the ratio of the total magnetic work that heats up the inner disc matter is expected to be similar for different XDINs. Optical luminosities that are calculated consistently with the the optical spectra and the theoretical constraints on the inner disc radii give very similar ratios of the optical luminosity to the rotational energy loss rate for all these sources. These ratios indicate that a significant fraction of the magnetic torque heats up the disc matter while the remaining fraction expels disc matter from the system. For XDINs, the contribution of heating by X-ray irradiation to the optical luminosity is negligible in comparison with the magnetic heating. The correlation we expect between the optical luminosities and the rotational energy loss-rates of XDINs can be a property of the systems with low X-ray luminosities, in particular those in the propeller phase.
INTRODUCTION
Dim isolated neutron stars (XDINs) form one of the young neutron star populations with several distinguishing properties (see e.g. Haberl 2007 for a review). Among other single neutron star systems, they have relatively low X-ray luminosities (∼ 10 31 − 10 32 erg s −1 ) that hinder their detection at large distances. All seven confirmed XDINs lie within a distance of 500 pc, and have cooling ages less than 10 6 yr. This indicates that they are rather abundant in the Milky Way with birth rates comparable to those of radio pulsars (Popov, Turolla & Possenti 2006) . All seven XDIN sources were detected in the optical band with luminosities higher than the extrapolations of their X-ray spectra, while none of them have confirmed detection in the radio band. Another distinguishing property of XDINs is their period clustering in the same range (P ∼ 3 − 12 s ) as that of anomalous X-ray pulsars (AXPs) and soft gamma repeaters (SGRs) (for a review of AXPs and SGRs see Mereghetti 2008) . The source of ⋆ E-mail: unal@sabaciuniv.edu X-ray luminosity of XDINs is likely to be the intrinsic cooling of the neutron star with effective temperatures ∼ 50−100 keV (Haberl 2007; Turolla 2009; Kaplan et al. 2011) .
What is the torque mechanism slowing down these systems? A neutron star evolving in vacuum loses rotational energy and angular momentum through magnetic dipole radiation. In this case, the dipole field strength on the pole of the star, B 0 , can be estimated from the observed period, P, and period derivative, P, using the dipole torque formula which gives B 0 ≃ 6.2 × 10 19 (P P) 1/2 . For XDINs, B 0 values inferred from the vacuum dipole torque assumption are in the 10 13 − 10 14 G range, close to those of AXP and SGRs (B 0 10 14 G). In the presence of a fallback disc around an XDIN, disc torques dominate the dipole torque. In the fallback disc model (Chatterjee, Hernquist & Narayan 2000; Alpar 2001 ), estimated B 0 values can be about one or two orders of magnitude lower than those inferred from the magnetic dipole torque formula. Neutron stars with fallback discs can reach the individual source properties of XDINs and AXP/SGRs with B 0 10 12 G and B 0 10 12 G respectively (Ertan et al. 2014; Benli & Ertan 2016) .
In this work, we focus on the optical emission properties of XDINs (Kaplan et al. 2011 and references therein) in the fallback disc model. We will use the results of earlier work on the long-term evolution of individual XDINs (Ertan et al. 2014 ) and on the inner disc radius of neutron stars in the propeller phase (Ertan 2017). These results indicate that XDINs are evolving in the propeller phase under the effect of disc torques. The source of the X-ray luminosity is the intrinsic cooling of the neutron star. With the current mass-flow rates of XDINs ( 10 9 g s −1 ) expected from the long-term evolution model, viscous dissipation in the inner disc cannot produce the optical luminosity of these sources. The X-ray irradiation of the upper and lower surfaces of the disc is not sufficient either. We think of two alternative sources that can power the optical emission of XDINs, namely the X-ray irradiation of the inner rim of the disc and the magnetic stresses that heat up the matter in the disc-field interaction region. For both heating mechanisms, we expect that the surface of the inner rim of the disc is the main site of optical/UV emission. Depending on the current X-ray luminosity, disc mass-flow rate and and the rotational energy loss-rate, one of these mechanisms could dominate the other. Our results exclude X-ray irradiation as a possible source with enough power for the optical excess. We find that the magnetic stresses acting on the inner disc, which is likely to produce a strong relation between the rotational power and the heating rate, could be the source of the optical luminosity of XDINs.
In Section 2, we estimate the upper and lower limits on the total optical fluxes of XDINs from the available optical data. In Section 3, we investigate the inner disc conditions of XDINs and show that the narrow disc-field interaction boundary heated by the magnetic stresses can produce the observed optical properties of the six XDINs with confirmed period and period derivatives. We discuss our results in Section 4 and summarise our conclusions in Section 5.
OPTICAL SPECTRA AND LUMINOSITIES OF XDINS
The model X-ray spectra seen in Figs. 1-6 were obtained by Kaplan et al. (2011) from the blackbody model fits to the unabsorbed X-ray data of XDINs with effective temperatures given in Table 1 . This emission is very likely to be produced by the intrinsic cooling of the neutron stars. All these sources have detections in the optical/UV bands (Kaplan et al. 2011, and references therein) . It is seen that the optical data of the sources remain above the extrapolation of the X-ray spectrum to low energies. This is known as the optical excess of XDINs.
With the current properties of XDINs indicated by the long-term evolution model with fallback discs, heating by viscous dissipation across the disc is negligible compared to the X-ray irradiation flux, F irr , provided by the cooling luminosity of the neutron star. At the low X-ray luminosities of XDINs, F irr is not sufficient to produce the optical excess from the upper and lower surfaces of the disc. For a neutron star with mass M = 1.4M ⊙ and radius R = 1 × 10 6 cm, the irraditation flux can be written as F irr ≃ 1.2 C L x /(πr 2 ), where the irradiation efficiency C ∝ (h/r) includes effects of irradiation geometry and the albedo of the disc surfaces (Fukue 1992). Pressure scale-height h ∝ r 9/8 , and h/r ∝ r 1/8 has a weak r dependence. During the accretion phase the value of C is estimated to be 10 −4 for XDINs for a large range of accretion rates, like in low-mass X-ray binaries (Dubus et al. 1999) . After termination of the accretion phase of XDINs, the mass-flow rate of the disc, M d , decreases rapidly to very low levels ( M d 10 9 g s −1 ), which also decreases the h/r ratios to less than about 10 −3 and the irradiation efficiency C to a few 10 −5 for all XDINs.
All seven XDINs have upper limits in the infrared/SPITZER bands (Posselt et al. 2014) . We obtain the illustrative model infrared spectra (ν < 3 × 10 14 Hz) given in Figs. 1-6 with C = 3 × 10 −5 and cos i = 0.5 where i is the inclination angle between the normal of the disc and the line of sight of the observer. The inner disc radii taken to obtain the IR spectra consistently match the inner disc radii that can produce the optical spectra (Section 3). As seen in Figs. 1-6, the contribution of the emission from the irradiated upper/lower disc surfaces to the optical luminosity is too weak to account for the observed optical spectra. The detections of two sources, namely RX J0806.4-4123 and RX J2143.0+0654, in the Herschel PACS red band should be taken with some caution, because whether these detections are from the sources themselves or from their bright neighbours is not clear yet, due to the so-called "confusing neighbours" (Posselt et al. 2014) .
In this work, we propose that the optical flux is emitted mainly from the inner rim of the disc in the form of a blackbody spectrum. To test this idea and the alternative sources for powering the optical luminosity, we first estimate the total observed optical flux F opt and the effective temperature, T eff , of the emitting region from the spectra of the sources. The two model curves (dashed and dashed-dotted) seen in Figs. 1-6 correspond to the minimum and the maximum T eff allowed by the error bars of the data points respectively. The F opt corresponding to a particular T eff is found by integrating the spectrum produced by this T eff . For each XDIN source, F opt and T eff values are given in Table 1 . In Section 3, we use these results to estimate the optical luminosities of the sources in consistence with their inner disc properties. (Posselt et al. 2014 ) and the black data points are the optical/UV detections (Kaplan et al. 2011 ). The dashed (dark green) and dot-dashed (red) model blackbody spectra are obtained with the minimum and the maximum T eff that can fit the optical/UV data. The blackbody spectrum in Xrays seen in the figure (dotted blue curve) is obtained with the best-fitting parameters from Kaplan et al. (2011) . The IR part of the model spectrum (ν < 3 × 10 14 Hz) is the disc-blackbody spectrum expected from the extended surface of the disc irradiated by the cooling luminosity of RX J1856.5-3754 with cos i = 0.5 and C = 3 × 10 −5 . The solid (red) curve represent the total model spectrum from IR to X-rays. The model parameters are given in Table 1 Table 1 .
WHAT POWERS THE OPTICAL EMISSION OF XDINS?
For isotropic X-ray emission from the star the fraction of the X-ray luminosity, L x , that is absorbed by the disc's inner rim is estimated to be ∼ h in /r in where h in is the half thickness of the disc at the inner radius of the disc, r in . The h in /r in ratio depends very weakly on both the disc mass-flow rate, M d , and r in . We expect the ratio of the optical luminosity, L opt , to L x to be similar for different XDINs, if the inner disc is heated mainly by the X-ray irradiation. The second alternative source to power the optical emission is the interaction between the inner disc and the dipole field of the star. Part Figure 3 . The spectrum of RX J2143.0+0654. There are three different B band detections of this source (Kaplan et al. 2011 , Zane et al. 2008 and Schwope et al. 2009 ). The average of these values was used for the rim blackbody fits. The relatively low R band flux (i.e. the small slope between the two optical detections) restricts the peak location of the optical blackbody spectrum and T eff . The leftmost data point is the so-called "confusing neighbor", which could be emission from a nearby bright star instead of RX J2143.0+0654 (Posselt et al. 2014) . Model parameters are given in Table 1 . Ustyugova et al. 2006) . This means that, like X-ray irradiation, the magnetic stresses also heat up the innermost region of the disc, and the resultant radiation is likely to be emitted mostly from the surface of the inner rim of the disc. Independently of the details of the heating inside the boundary, if this mechanism, rather than the X-ray irradiation, is responsible for the optical emission, the ratio of L opt to the rotational energy loss-rate, E, is ex- Table 1 . The leftmost data point is the so-called "confusing neighbour", which may be from a nearby bright star (Posselt et al. 2014) . Table 1 .
pected to be similar for different XDINs that slow down with similar propeller torques. The rotational power E = IΩ| Ω| of XDINs, where I is the moment of inertia, Ω is the rotational frequency of the neutron star, and Ω is the spin-down rate, is given in Table 2 , along with the periods, period derivatives, estimated distances, and the X-ray luminosities of the sources. To estimate L opt using T eff obtained from the spectral fits, we need the inner disc radius r in , and the area, A, of the inner rim of the disc.
The inner disc radius in the propeller phase
The XDINs are expected to be in the propeller phase of their evolution in interaction with a fallback disc (Ertan et al. 2014) . Where is the inner disc radius in the propeller phase? At the co-rotation radius r co = (GM) 1/3 Ω −2/3 , where G is the gravitational constant, and M is the mass of the neutron star, the field lines and the disc matter move with the same angular velocity. Since the escape speed υ esc = √ 2 rΩ K where Ω K is the local Keplerian angular velocity in the disc, the disc matter can be accelerated to above υ esc at radii r where
Since Ω K ∝ r −3/2 , the field lines co-rotating with the star have speeds greater than υ esc (r) at radii greater than
That is, the inner disc radius r in should be greater than r 1 = 1.26 r co in a steady propeller phase. Recently, from simple analytical calculations, Ertan (2017) estimated the maximum possible inner disc radius in the propeller phase. Theoretical and numerical work on the disc-field interaction show that the field lines interact with the inner disc in a narrow boundary (see e.g. Lovelace et al. 1995) . In this interaction region, the field lines cannot slip through the disc in the azimuthal direction due to the long magnetic diffusion time-scale that is similar to the viscous time-scale (Fromang & Stone 2009) , and is still orders of magnitude smaller than the time-scale of interaction between the field lines and the inner disc matter, t int ≃ |Ω − Ω K | −1 . The field lines inflate and open up within t int , expel the matter along the open field lines, and subsequently reconnect on the dynamical time-scale completing the cycle (Lovelace et al. 1999; Ustyugova et al. 2006) . Outside the boundary, the disc and the field lines are expected to be decoupled. The outflow speed of the matter depends on the dipole field strength and the mass density of the disc matter. At a given radius, the maximum amount of angular momentum that can be injected into the matter is limited by the interaction time-scale, unlike in models assuming that the closed field lines could remain threaded across a large boundary region. For a given mass-flow rate of the disc and dipole field strength, the minimum angular momentum transfer required to accelerate the matter to above the escape speed can be sustained up to a certain critical radius. This is the maximum inner disc radius at which a steady propeller mechanism can be built up, and is given by
(Ertan 2017) where α −1 = α/0.1 is the kinematic viscosity parameter (Shakura & Sunyaev 1973) , (h in /r in ) −2 = (h in /r in )/10 −2 , ω = Ω * /Ω K ≥ √ 2 is the fastness parameter, and r A is the conventional Alfvén radius (Lamb, Pethick & Pines 1973; Davidson & Ostriker 1973) where M is the spherical accretion rate and µ = (B 0 /2)R 3 is the magnetic dipole moment of the star. Equation (2) is valid only in the propeller phase, that is, when ω > √ 2. Because of sharp radial dependence of magnetic stresses we expect that the actual inner disc radius is near the radius given by equation (2). The h in /r in ratio should be calculated for an unperturbed geometrically thin disc. For a standard thin disc, h/r ∝ M 3/20 d r 1/8 has a very weak dependence on both r and the disc mass-flow rate M d (see e.g. Frank, King & Raine 2002) . In equation (2), the h/r ratio at the inner disc radius should also be calculated for an unperturbed standard disc (Ertan 2017).
For disc accretion, r in is usually assumed to be close to the radius where the viscous stresses in a standard disc is balanced by the magnetic stresses, and with different assumptions, r in is usually inferred to be close to r A within a factor of ∼ 2 (e.g. Frank et al. 2002) . It was shown that a steady propeller mechanism cannot be sustained at a radius close to r A (Ertan 2017). From equation (2), it can be calculated that r in should be at least ∼ 15 times smaller than r A , in the propeller phase.
When r in is sufficiently greater than r co such that ω−1 ∼ ω, equation (2) gives r in ∝ r
. This indicates that once a system enters the propeller phase, r in remains close to r co even with very low M d . For an order of magnitude decrease in M d below the accretion-propeller transition level, the inner disc radius increases only by a factor of 1.4. In the propeller phase, r in is the radius where all the inflowing matter, with the rate M d , is thrown out of the system with speeds greater than the escape speed.
The critical accretion rate for the accretion-propeller transition can be estimated by setting ω = √ 2 in equation (2) which gives
(Ertan 2017) where µ 30 is the magnetic dipole moment of the star in units of 10 30 G cm 3 , P is the spin period of the star, and (h in /r in ) −3 is the h/r ratio at the inner disc radius in units of 10 −3 , a typical value for XDINs. Above this critical accretion rate, the system is expected to be in the accretion phase. The accretion-propeller transition condition estimated from equation (4) is consistent with the observed properties of the transitional milli-second pulsars which show transitions between the accretion powered X-ray pulsar state and the radio pulsar state (Papitto et al. 2015 , Archibald et al. 2015 . From our earlier work on the longterm evolution of XDINs, we have estimated µ 30 to be in the 0.2 − 0.7 range, and the current mass-flow rates M d 10 9 g s −1 . For all XDINs, M crit ∼ 10 9 − 10 10 g s −1 , and the actual disc accretion rates, M d , are below the critical rate, thus the XDINs should be in the propeller phase currently. Using the M d values estimated from the long-term evolution model for each source, the maximum inner disc radii from equation (2) are found to be less than around 2.8 r co . These results constrain r in of these sources into a narrow range (1.26 r co < r in < 2.8 r co ). The h in /r in values are weakly dependent on M d , and we find h in /r in 10 −3 for all these sources with r in ∼ r co . These results allow us to constrain r in and the area A = 2πr in 2h in of the rim of the inner disc for a given XDIN source. We will estimate the optical luminosities using these well constrained r in and h in /r in values and the effective temperatures obtained from the spectral fits.
Estimation of the optical luminosity
To calculate the optical luminosity, L opt , we need only the total area of the inner rim of the disc, A, from the theoretical calculations, and the effective temperature from the observed spectrum. We define a geometrical factor, η, that represents the fraction of the total area of the inner rim of the disc, A, that is visible and projected onto a plane perpendicular to the line of sight, A ′ = η A. Since we can see less than half of the total area A, η is estimated to be less than about sin i/π where i is the angle between the normal of the disc and the line of sight. The total optical luminosity can be written as
where d is the distance to the source, σ is the StefanBoltzmann constant and T eff is the effective temperature of the disc's inner rim. In equation (5), the inner rim area A of a source is well restricted independently of the spectrum as discussed in Section 3.1. F opt is the observed flux obtained from the spectrum with this particular T eff . In the spectral fits, error bars of data points limits T eff into ranges with different widths for different sources (Table 1) . For a given source, these restrictions put upper and lower limits on L opt , and thus on d 2 /η value. The maximum L opt corresponds either to L opt < E or to a lower luminosity calculated by using with the maximum allowed values of T eff and r in . The minimum L opt is obtained with r in = 1.26 r co and the minimum T eff permitted by the spectral fits. The results of our earlier work on the long-term evolution of these sources indicate that they all slow down in the propeller phase with similar torque mechanisms (Ertan et al. 2014) . In this model, we expect the fraction of the rotational energyloss rate of the star heating up the inner disc matter to be similar for these systems. To test whether the observed optical luminosities of XDINs could be produced by this heating mechanism, we calculate the allowed L opt ranges of the six XDINs, and compare their L opt / E ratios.
For the illustrative results given in Table 3 , it is seen that the L opt / E ratios of the six XDINs are found to be similar (0.45 -0.90). The last term in equation (5) does not depend on η or d. L opt is calculated using the allowed values of A from the theoretical model, and T eff independently from the spectrum. For a given source, calculated L opt corresponds to a certain value of d 2 /η (see equation (5)). We have estimated the η values for the 6 XDINs using the distances employed earlier in their long-term evolution model. In Table 3 , it is seen that these η values are distributed in a plausible range (0.01 η 0.07). If the distance of a source is modified, the same L opt / E ratio can be obtained by modifying the η as well. The maximum value of η could be ∼ 0.3 due to the restrictions by the viewing geometry. This does not impose a significant limitation on distances, and our results for L opt / E ratios do not change within a factor 2 of the distances given in Table 2 .
In this picture, a self-consistent explanation of the optical excess of XDINs requires similar L opt / E ratios for all these sources, and our results show that this is possible only with high L opt / E values close to unity (see Table 3 ), which indicates that a significant fraction of the work done by the magnetic torques is converted into thermal energy in the boundary layer. The resultant blackbody emission from the surface of the inner rim of the disc is in good agreement with the optical data. Note that optical luminosities of XDINs, even assuming isotropic emission, are too high to have a magnetospheric origin (see Kaplan et al. 2011 for a detailed discussion on the alternative sources of the optical excess for the neutron stars without a fallback disc). The L opt /L x ratios are also given in Table 2 . For RX J0420.0-5022, the ratio is 2.8, which cannot be attained by the X-ray irradiation, since only a small fraction, h in /r in , of L x can illuminate the inner rim of the disc. For the other sources, the L opt /L x ratios are greater than 10 −2 . These ratios would be possible if h in /r in > 10 −2 which is not likely to be attained with the temperatures that can be sustained with the X-ray irradiation flux illuminating the inner discs of XDINs. More importantly, the T eff value that can be produced by X-ray irradiation, at the inner rim of the disc (∼ 1 eV) remains much below the minimum T eff allowed by the optical spectra for all these sources (given in Table 1 ). In sum, the X-ray irradiation cannot produce the optical luminosity of XDINs consistently with their optical spectra. The contribution of X-ray irradiation to the heating of the inner rim of the disc seems to be negligible for XDINs. For other systems with relatively high X-ray luminosities, the X-ray irradiation could dominate the magnetic heating. We estimate that the inner rim of the disc is heated dominantly by the magnetic stresses for the systems with E/L x h in /r in .
CONCLUSIONS
The optical luminosities, L opt , of the six XDINs are orders of magnitude greater than the total optical luminosity that can be produced by the viscous dissipation in their discs. We have estimated and compared L opt with possible sources of power from the neutron star. First, we have tested the effect of X-ray irradiation of the disc by the cooling luminosity of the neutron star. For one XDIN, namely RX J0420.0-5022, L opt > L x which directly eliminates X-ray irradiation as an alternative source of optical excess of this particular source. For the other XDINs, we have found that that the X-ray irradiation of the upper/lower surfaces and the inner rim of the disc cannot produce the optical luminosities consistently with the effective temperatures indicated by the optical spectra.
Next, we have considered the rotational energy loss-rate of the neutron star, E = IΩ| Ω|, which is determined mainly by interaction of the inner disc with magnetosphere of the star in the fallback disc model. The rotational power E is a measured quantity, and the thermal radiation powered by the heating effect of the magnetic stresses on the disc matter is expected to be emitted mostly from the inner rim of the disc. This interaction mechanism is likely to be similar in different XDIN sources evolving in the propeller phase producing similar L opt / E ratios if the source of their L opt are indeed powered by the magnetic torques. We have obtained our results with this basic assumption without addressing the details of the magnetic torque and heating mechanisms. We have estimated the ranges of L opt values allowed by the observed spectra, and the constraints on the inner disc radii and thickness placed by the earlier work on the evolution of XDINs and on the inner disc radii in the propeller phase. We have found that the L opt values compatible with these constraints match a similar fraction of E for all the six XDINs ( Table 3 ).
Note that the optical luminosities of XDINs cannot be produced by magnetospheric emission as in isolated neutron stars without fallback discs. Typical L opt / E ratio is less than 10 −6 for radio pulsars (Zavlin & Pavlov 2004) which is several orders of magnitude lower than those in XDINs.
The rotational powers of XDINs are lower than their X-ray luminosities. Nevertheless, our results indicate that a large fraction of their rotational power heats up the inner disc matter, while a small fraction of the X-ray luminosity (∼ h in /r in ) can illuminate the inner rim of the disc. We have estimated that the inner discs of the systems with E/L x > h in /r in are heated mainly by the magnetic stresses. All the known XDINs show this property.
To sum up, the optical excess of XDINs can be explained by the emission from the inner rims of their fallback discs due to heating during the propeller process powered by magnetic stresses at the expense of the star's rotational energy. The required neutron star and disc properties are consistent with the results of the long-term evolution model that can reproduce the X-ray luminosity and the rotational properties of the individual sources (Ertan et al. 2014) .
